We consider a set of gauge-theoretic equations on a closed fourmanifold, which was introduced by Vafa and Witten. The equations seek for a triple consisting of a connection and extra fields coming from a principal bundle over a closed four-manifold. They may evoke Hitchin's equation on compact Riemann surfaces, and as a part of the resemblance, one would not have an L 2 -bound on the curvature without an L 2 -bound on the extra fields. In this article, however, we observe that there is a peculiar circumstance in that one obtains an L 2 -bound on the extra fields.
Introduction
In [VW] , Vafa and Witten introduced a set of gauge-theoretic equations on a four-manifold, motivated by the study of S-duality conjecture in N = 4 supersymmetric Yang-Mills theory. The equations come from a topologically twisted N = 4 supersymmetric Yang-Mills theory, and the moduli space of solutions to the equations is expected to produce possibly a new invariant of some kind. Physicists believe that the partition functions of this would be the generating functions of the "Euler characteristic" of the ASD instanton moduli spaces, and the S-duality conjecture envisages that the partition functions would carry some enchanting property such as modularity and so on [VW] . The equations were also considered by Haydys [Ha] and Witten [Wi] in a different point of view. They suggest a programme on "categorification" of the Khovanov homology by using a five-dimensional gauge theory, where the Vafa-Witten equations are a dimensional reduction of their five-dimensional gauge-theoretic equation, and the solution spaces for the Vafa-Witten equation are expected to be used for constructing a Casson-Floer type theory for this. Recent results by Taubes [T1] , [T2] , and [T3] are also related to the subject as well. In fact, results in [T2] and [T3] have direct analogues in the Vafa-Witten case [T4] , and we use them in this article.
The equations which we concern seek for a triple consisting of a connection and other extra fields coming from a principal bundle over a fourmanifold. Let X be a closed, oriented, smooth Riemannian four-manifold with Riemannian metric g, and let P → X be a principal G-bundle over X with G being a compact Lie group. We denote by A P the set of all connections of P , by Ω + (X, g P ) the set of self-dual two-forms valued in the adjoint bundle g P of P . We consider the following equations for a triple (A, B, Γ) ∈ A P × Ω + (X, mathf rakg P ) × Ω 0 (X, g P ),
where [B.B] ∈ Ω + (X, g P ) is defined in Section 2. We call these equations the Vafa-Witten equations.
Mares studied analytic aspects of them in his Ph.D thesis [M] . As in the case of Hitchin's equation [Hi] , we do not have an L 2 -bound on the curvature F A of a connection A which satisfies the equations in general. We can see this by the following identity. As explained in Section 2 later, the field Γ vanishes if the connection A is irreducible, so we omit Γ in the following.
where ⊙ denotes some bilinear operation on Ω + (X, g P ) ⊗ Ω + (X, g P ) (see [M, §B.4 ] for more detail), s is the scalar curvature of the metric, and W + is the self-dual part of the Weyl curvature of the metric. The last term in the right hand side of the identity is a topological term. Hence, if the L 2 -norm of B is bounded, one gets a bound on the L 2 -norm of the curvature F A . In fact, Mares obtained the following. In this article, we observe that there is a peculiar circumstance in that one obtains an L 2 -bound on the extra field B. The argument basically relates irreducibility of a connection A with an L 2 -bound of B ∈ Ω + (X, g P ). However, in order to state this observation properly, we might need a bit of technical assumptions. We denote by δ the injective radius of X. For a sequence of connections {A i } on P , we put
where ε > 0 is a positive constant which is determined in Theorem 3.3. This set S({A i }) describes the singular set of a sequence of connections {A i }. With these above in mind, our observation can be stated as follows. A modification of recent work of Taubes [T2] and [T3] is used to prove this theorem.
Note that irreducibleness of connections is assured, for instance, by choosing a metric generically if b + (X) > 0 (see Proposition 2.2 in Section 2).
As a particular case of Theorem 1.2, we have an L 2 -bound on the extra fields in the "fibre" direction at an irreducible connection A 0 . Namely, Corollary 1.3. Let X be a closed, oriented, smooth Riemannian fourmanifold with Riemannian metric g, and let P → X be a principal G-bundle over X with G being SU (2) or SO(3). Then, for any sequence of solutions {(A 0 , B i )} i∈N of the Vafa-Witten equations with A 0 being irreducible, there exist a subsequence Ξ ⊂ N and a positive constant C > 0 such that
A proof of Theorem 1.2 is given in Section 3. In Section 2, we describe some property of the equations such as the linearization, and also mention some remark on reducible solutions to the equations.
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The Vafa-Witten equation on four-manifolds
In this section, we describe the precise form of the equations and the linearization of them, and then mention some remark on reducible solutions.
Self-dual two-forms. For an oriented Riemannian manifold M of dim = n with Riemannian metric g, there is an operator * : Λ * → Λ n− * , called the Hodge * -operator, defined by α ∧ * β = (α, β)dµ g , where (, ) denotes the natural metric on the forms defined by the Riemannian metric, and dµ g is the Riemannian volume element.
Let X be an oriented Riemannian four-manifold. The Hodge star operator on the space of two forms on X induces the following splitting.
Then, the space of g P -valued two-forms Ω 2 (X, g P ), where P → X is a principal G-bundle over X, splits also as
The splitting of the space of two-forms can be viewed as that corresponds to a homomorphism SO(4) → SO(3) × SO(3), namely, we identify Λ + x and Λ − x at each x ∈ X with the summands of the splitting so(4) ∼ = so(3) ⊕ so(3) through the embedding Λ 2 T * x X ⊂ End(T * x X) as the subalgebra of skewsymmetric endomorphism. Hence, in particular, Λ + is equipped with a point-wise Lie-algebraic structure with the bracket denoted by [·, ·] Λ + . Using this together with that of g P , we define a bilinear map [·.·] 
Equations. Let X be a closed, oriented, smooth four-manifold, and let P → X be a principal G-bundle over X with G being a compact Lie group. We denote by A P the set of all connections of P , by Ω + (X, g P ) the set of self-dual two-forms valued in the adjoint bundle g P of P .
We consider the following equations for a triple (A, B, Γ) ∈ A P ×Ω + (X, g P )× Ω 0 (X, g P ),
We call (2.1) and (2.2) the Vafa-Witten equations.
The action of gauge group G P is given by (u(A),
Linearization.
Let (A, B, Γ) ∈ A P × Ω + (X, g P ) × Ω 0 (X, g P ) be a solution to the Vafa-Witten equations (2.1) and (2.2). Then, the infinitesimal deformation at (A, B, Γ) is given by the following.
where the maps d (A,B,Γ) and d
As one can see that the operator L (A,B,Γ) :
) is selfadjoint, the index of the complex (2.3) is always zero.
Reducibles. As usual, we define the stabilizer group Γ A of A in the gauge group G P by Γ A := {u ∈ G P | u(A) = A}.
Definition 2.1. A connection A is said to be irreducible if the stabilizer group Γ A is isomorphic to the centre of G, and A is called reducible otherwise.
As described in [M, Th.2.1.1], if X is closed, the equations (2.1) and (2.2) reduces to the following.
Hence, if A is an irreducible connection, Γ vanishes. Since we are mainly interested in the irreducible case, we ignore Γ, namely we consider only the following equations in the rest of this article.
We end this section by noting the following. If A is a reducible connection of SU (2) or SO(3) bundle over X, then the associated vector bundle 
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. Put r i := ||B i || L 2 for i ∈ N, and suppose for a contradiction that {r i } i∈N has no bounded subsequence. We then define β i := B i /r i . We obviously have ||β i || L 2 = 1 and |β i | ≤ C for i ∈ N.
The author learned from Clifford Taubes [T4] that one can prove the following by adjusting some of his results in [T2] to the situation here and also by using Theorem 1.2 of [T3] .
Theorem 3.1 ([T4]). Let {(A i , B i )} i∈N be a sequence of solutions to the Vafa-Witten equations with S({A i }) being empty. Put r i := ||B i || L 2 for i ∈ N, and assume that {r i } i∈N has no bounded subsequence. Then there exists a subsequence Ξ ⊂ N and a sequence of gauge transformation {g i } i∈Ξ such that {g i (A i )} i∈Ξ converges in the weak L 2 1 -topology on X to a limit that is anti self-dual and reducible.
The above theorem implies Theorem 1.2. Namely, if we assume that the limit connection is irreducible, then this and Theorem 3.1 contradict. Hence, {r i } has a bounded subsequence. Thus, either Theorem 1.1 or a modification of the first bullet of Proposition 2.1 in [T2] with S({A i }) being empty implies that the C ∞ -convergence of {(g i (A i ), g i (B i ))} i∈Ξ with a limit satisfying the Vafa-Witten equations (2.4) and (2.5). 
c) The sequence { β i ⊗ β i } i∈Λ converges strongly in any q < ∞ version of L q -topology on the space of sections of Λ + ⊗ Λ + . The limit section is denoted by β ⋄ ⊗β ⋄ and its trace is the function |β ⋄ | 2 .
i) The sequence { X f |F A i | 2 } i∈Λ converges. * The proof presented here was brought by Clifford Taubes to the author.
ii) The sequences { X f |∇ A i β i | 2 } i∈Λ and {2r 2 i X f |[β i .β i ]| 2 } i∈Λ converge. The limit of the first sequence is denoted by Q ∇,f and that of the second by Q ∧,f . These are such that 
Next, we use the assumption that S({A i }) is empty. From this, we have
Br(x) |F A i | 2 ≤ ε for any x ∈ X and r ≤ δ. We then use the following version of the Uhlenbeck theorem (the original form appeared in [U] ) stated in Remark 6.2 a) of [We] and proved in pp. 105-106 of [We] by Wehrheim.
Theorem 3.3 ( [We] ). Let B be the unit ball in R 4 . We fix a trivialization of a principal G-bundle P over B. Assume that G is compact. Then, there exist positive numbers ε > 0 and
In the context of Theorem 3.1, the Uhlenbeck theorem can be invoked for a cover of X by small radius balls. The result of doing so leads to the following proposition.
Proposition 3.4 ([T4]
). There is a sequence {g i } i∈Λ of automorphism of P and a subsequence Π ⊂ Λ such that {g i (A i )} i∈Π converges weakly in the L 2 1 -topology to a limit, Sobolev class L 2 1 -connection.
The limit connection is denoted by A 0 . To say that A 0 is an L 2 1 -connection is to say that A 0 can be written as A +â with A being a smooth connection and withâ being an L 2 1 -section of Λ 1 ⊗ (P × SO(3) g) with g denoting here the Lie algebra of SU (2).
The following is an analogy of Proposition 6.1 in [T2] , but under the assumption that S({A i }) is empty, one does not need to follow the full argument of Section 5 in [T2] .
Proposition 3.5 ( [T4] ). The function |β ⋄ | is continuous on X and smooth at points where it is positive. Moreover, the sequence {|β i |} i∈Π converges to |β ⋄ | in the C 0 -topology on X.
Section 3 of [T2] introduces two positive numbers that measure the size of the curvature near any given point, these denoted by r c∧ and r cF . Much of the analysis in Sections 3-6 in [T2] is meant to deal with the a priori fact that these numbers can be very small. However, in the present context, the assumption in Theorems 1.2 and 3.1 say that both are O(1). Because of this, the assertions in Proposition 7.2 and Proposition 8.1 of [T2] have analogue here, these summarized by the following. 
for each p ∈ X and A ∈ {A i } i∈Λ . Then, there exist a closed set Z ⊂ X with empty interior, a real line bundle I over X \ Z, a section of I ⊗ Λ + over X \ Z, this denoted by ν, a connection on P | X\Z to be denoted by A ∆ , and an isometric bundle homomorphism σ ∆ : I → P | X\Z × SO(3) g. Their properties are listed below.
• Z is the zero locus of |β ⋄ |.
• |ν| = |β ⋄ |.
• |ν| is Hölder continuous for some fixed positive constant.
• The section ν is harmonic in the sense that dν = 0.
• |∇ν| is an L 2 -function on X \ Z that extends as an L 2 -function on X with a bound on its L 2 -norm that is independent of p.
• The curvature tensor A ∆ is anti-self-dual.
• The homomorphism σ ∆ is A ∆ -covariantly constant. There is, in addition, a subsequence Ξ ⊂ Π and a sequence {g i } i∈Ξ of automorphisms from P such that
The next theorem is a special case of Theorem 1.2 in [T3] . It implies among other things that Z has measure zero. (There are closed sets with empty interior and positive measure.) This upcoming theorem introduces the notion of a point of discontinuity for I; this being a point in Z with the following property: if U is any neighbourhood of the point, then I is not isomorphic to the product bundle. To complete the proof of Theorem 3.1, note first that A ∆ is defined on the complement of Z but here it must be gauge equivalent to A 0 . Thus, A 0 is anti self-dual on the complement of the set Z. Meanwhile, the set Z has the measure zero, so this implies that the curvature of A 0 is anti self-dual on the complement of measure zero set. Since A 0 is an L 2 1 -connection, its curvature is in any event L 2 and so standard elliptic regularity argument can be used to prove that there is an L 2 2 and C 0 automorphism of P that writes A 0 is smooth connection with anti self-dual curvature.
Let Σ ⊂ Z denote the C 1 -submanifold that is described in Theorem 3.7. Keeping in mind that A 0 is smooth, it follows that its holonomy on a linking circle of Σ must be very near the identity if the radius is very small. In particular, these holonomies converge to the identity on sequences of circles with radii converging to zero. This implies that σ ∆ can be extended across Σ using parallel transport as covariantly constant section of P × SO(3) g. The fact that this is so implies that I extends across Σ also and so it follows from the definition that Σ is empty. See also [SS] .
Granted that Σ is empty, it follows that I is isomorphic to the product bundle. This last observation and the fact that Z is contained in a countable union of 2-dimensional Lipshiz submanifolds implies that σ ∆ can be extended across the whole of Z as an A ∆ -covariantly constant section. This is again done by parallel transport. The existence of such an extension implies that A 0 is a reducible connection with anti self-dual curvature.
In the rest of this section, let us mention an observation which led to a formulation of Theorem 1.2. The point lies in relating the L 2 -bound of a sequence of the extra fields {B i } to the irreducibility of a connection.
Let {(A i , B i )} i∈N be a sequence of solutions to the Vafa-Witten equations (2.4) and (2.5), and suppose that ||B i || L 2 → ∞ as i → ∞. Put Firstly, we recall a notion of rank of a section B ∈ Ω + (X, g P ).
Definition 3.8. A g P -valued self-dual two-form B ∈ Ω + (X, g P ) is said to be of rank r if, when considered as a section of Hom(Λ +, * , g P ), B(x) has rank less than or equal to r at every point x ∈ X with equality at some point.
If the structure group of the principal bundle P is either SU (2) or SO(3), the possibility of the rank of B is 0, 1, 2 or 3. We next recall the following from [M, § 4.11] .
Lemma 3.9 ( [M] ). Let P → X be a principal G-bundle over a simplyconnected Riemannian four-manifold X with structure group G being either SU (2) or SO(3). Let B ∈ Ω + (X, g P ). If [B.B] = 0. then the rank of B is at most one.
Then, we invoke Lemma 4.3.25 in [DK] .
Lemma 3.10 ( [DK] Lem. 4.3.25) . Let X be a simply-connected oriented Riemannian four-manifold, and let P → X be a principal G-bundle with structure group G being either SU (2) or SO(3). Let φ in Ω + (X, g P ). Assume that d A φ = 0. Then on any simply-connected open subset in X, where φ has rank 1, the connection is reducible.
Asβ ∈ Ω + (X, g P ), it follows that d Aβ = d * Aβ = 0. From Lemma 3.9,β is at most rank one. Thus, by Lemma 3.10, A is reducible on an open subset in X. By the unique continuation theorem, it is reducible on all of X.
